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Abstract  

The increasing importance of financial risk measurement, driven by regulatory 

requirements and market uncertainties, necessitates precise forecasting tools 

for Value at Risk (VaR) and Expected Shortfall (ES). This study introduces 

three novel models based on Stateful Recurrent Neural Networks (RNNs) and 

Feedforward Neural Networks (FNNs) for predicting VaR and ES. These 

models are evaluated against traditional econometric models, including 
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Generalized Autoregressive Conditional Heteroskedasticity (GARCH) models, 

using a dataset of the Tehran Exchange Divedend and Price Index (TEDPIX) 

spanning more than three decades. This research presents a comprehensive 

comparison between Stateful and Non-Stateful RNN models, demonstrating 

that Stateful RNNs significantly enhance forecasting performance. First, the 

data is standardized before being fed into machine learning models and then 

used as input for the models. The results indicate strong predictive 

performance, while a reduction in the FZ0 loss score highlights the superior 

accuracy of these models. In the empirical study, the proposed models are 

applied to the Tehran Exchange Divedend and Price Index (TEDPIX). The 

models’ performance is assessed using the FZ0 loss function and backtesting 

methods, such as DQ regression tests and DES tests. The findings reveal that 

Stateful RNN-based models outperform traditional econometric models in 

terms of both accuracy and stability. In particular, the STRNN-II and STRNN-

III models consistently rank highest, demonstrating their superior ability to 

capture the complex dynamics of financial risk. Moreover, these models do not 

rely on strong distributional assumptions, offering greater flexibility than 

traditional parametric models like GARCH. 

Keywords: Risk models, Value-at-Risk, Expected shortfall, Machine learning, 

Neural networks  

JEL Classification: G21, C53, C45, C38 

Introduction                                                                          

In recent decades, with the rapid growth of financial markets and the increasing 

complexity of investment instruments, risk management has become a 

fundamental topic in the field of finance and economics. Financial crises, such 

as the 2008 financial crisis, have revealed the crucial role of systematic and 

unsystematic risks in financial market instability. These crises demonstrated 

that traditional risk assessment models are inadequate for forecasting and 

managing market volatility, prompting extensive efforts to improve risk 

evaluation methodologies. Measuring risk has gained prominence in finance 

due to the widespread damage that shocks from market crashes can inflict on 
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the economy. Value at Risk (VaR), since its introduction in the RiskMetrics 

model by J.P. Morgan in 1989, has been widely used by financial institutions to 

measure market risk (McNeil et al., 2015). 

Value at Risk (VaR) refers to the worst expected return of an asset over a 

predetermined time horizon at a given significance level (𝛼). However, VaR 

has been criticized for disregarding the magnitude of losses beyond the VaR 

threshold and its inability to optimally capture risk, especially when dealing 

with asymmetric and skewed return distributions. As an alternative to VaR, 

Expected Shortfall (ES), proposed by Artzner (1997) and Artzner et al. (1999), 

is considered a coherent and desirable risk measure. ES at level 𝛼 represents 

the expected return below the VaR threshold at the same significance level. 

Following the 2007–2008 financial crisis, the Basel III Accord (Basel 

Committee on Banking Supervision, 2010) recommended replacing VaR with 

ES as the primary risk metric. These measures have been widely adopted in the 

financial industry, particularly as tools for risk management, as they help 

estimate an asset's potential losses at a given risk level and contribute to more 

efficient risk allocation. 

Classical risk forecasting methods, such as GARCH models and 

parametric distribution-based models, have been widely utilized in both 

academic literature and practical applications (So & Philip, 2006; Degiannakis 

et al., 2013). These models generally rely on specific statistical assumptions 

about the distribution of returns, which may not align with the real, nonlinear 

nature of financial data. Furthermore, GARCH models and other traditional 

approaches are limited in their ability to capture complex dependencies and 

nonlinear patterns in financial time series data, thereby lacking sufficient 

accuracy in predicting financial market behavior (Hartz et al., 2006). 

In recent years, machine learning-based models have gained significant 

popularity in financial applications. One of the main driving factors is their 

independence from simplifying assumptions, which are often inherent in 

traditional models. Among machine learning techniques, neural networks have 

become especially popular due to their capacity to learn and predict complex 
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patterns within data. By leveraging generative neural networks to capture the 

statistical features of input data, these models can produce more accurate 

outputs. As such, generative neural networks can represent the inherent 

dependency structure in asset returns (Arian et al., 2022). 

Recurrent Neural Networks (RNNs), due to their ability to process time 

series data and learn long-term dependencies, have been widely used in 

financial forecasting tasks. Particularly, Stateful-RNN models are well-suited 

for forecasting Value at Risk (VaR) and Expected Shortfall (ES) in financial 

markets. The main reasons for employing these models include: RNNs are 

specifically designed to model time series data by maintaining a memory of 

past information through their internal hidden layers. In the financial context—

such as risk forecasting using VaR and ES measures—this ability to understand 

temporal dependencies is critically important. However, the effectiveness of 

this memory mechanism heavily depends on whether the RNN is implemented 

in a stateful or stateless manner (Qiu, Lazar, & Nakata, 2024). 

Traditional models like GARCH require specific distributional 

assumptions about asset returns to forecast VaR and ES. These assumptions 

may not hold in the complex realities of financial markets. In contrast, stateful 

RNN models, by adopting a nonparametric approach, do not require such 

assumptions and can more accurately model complex data patterns (Qiu, Lazar, 

& Nakata, 2024). 

In a stateless RNN, the network's hidden state is reset after processing each 

batch of input data. This means the model does not retain any information 

between batches during training. This design simplifies the training process 

and avoids unintended long-term dependencies that may cause instability; 

however, it limits the model's ability to understand long-term temporal 

structures in the data (Qiu, Lazar, & Nakata, 2024). In the context of financial 

risk modeling, this memory reset prevents the model from adequately capturing 

significant events or regimes (such as market crashes) that have lasting effects 

on volatility and risk. In the referenced study, three stateless RNN models are 

implemented, named RNN-I, RNN-II, and RNN-III, which structurally mirror 
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their stateful counterparts but with the stateful feature turned off (i.e., 

stateful=0). These models begin training from scratch with each new batch and 

retain no prior memory (Qiu, Lazar, & Nakata, 2024). 

Conversely, a stateful RNN preserves its hidden state across different 

batches during both training and prediction phases (stateful=1). This 

persistence allows the network to remember long-term dependencies in the data 

and establishes a temporal continuity in learning. As a result, the model can 

correctly interpret and forecast gradual changes in the risk structure that evolve 

over time (Qiu, Lazar, & Nakata, 2024). 

In this thesis, three recurrent neural network models are introduced and 

analyzed in both stateful and stateless configurations. These models are as 

follows: 

STRNN-I: A combination of a stateful RNN and a feedforward neural 

network (FNN) for the joint prediction of VaR and ES from squared returns. 

STRNN-II: To enhance its ability to capture nonlinear relationships, this 

model applies a transformation (square root of absolute values) to the RNN’s 

hidden state before feeding it into the FNN. 

STRNN-III: A hybrid model that combines the outputs of the previous two 

models via element-wise summation to boost signal strength. These models are 

specifically designed to retain memory over time, thereby improving their 

ability to model time-dependent risk structures, such as volatility clustering or 

regime shifts. 

Considering the importance of risk forecasting in financial markets, this 

research aims to forecast Value at Risk (VaR) and Expected Shortfall (ES) for 

indices in the Tehran Stock Exchange using stateful Recurrent Neural Network 

(Stateful-RNN) models. Subsequently, the performance of these models will be 

evaluated and compared with that of classical risk forecasting models, such as 

GARCH. Finally, a comparison between the performance of stateful and 

stateless neural network models will be conducted. 
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Literature Review 

Value-at-Risk (VaR) has become a cornerstone risk measure in finance since 

its popularization by J.P. Morgan’s RiskMetrics in the late 1980s. VaR 

represents the worst expected loss over a given horizon at a specified 

confidence level (e.g. 95% or 99%). Despite its widespread adoption by 

financial institutions and regulators in the 1990s, VaR faced criticism for 

failing to account for the severity of losses beyond the threshold (it is a 

quantile of the loss distribution) and for lacking certain theoretical properties. 

Notably, VaR is not a coherent risk measure in the sense of Artzner et al. 

(1999), failing to satisfy subadditivity in some cases. (Qiu, Lazar, & Nakata, 

2024) 

ES is a coherent risk measure and intuitively provides a fuller picture of 

tail risk by answering the question: "If the loss exceeds the VaR level, how 

much might we lose on average?” After the financial crisis of 2007–2008, the 

shortcomings of VaR became evident as many institutions underestimated 

extreme losses. This led regulators (the Basel Committee under the Basel III 

framework) to advocate replacing VaR with ES for bank capital calculations. 

Since then, accurate forecasting of both VaR and ES has been a critical focus 

for risk management. (Qiu, Lazar, & Nakata, 2024) 

Parametric variance-covariance methods were among the first systematic 

approaches to VaR forecasting. J.P. Morgan’s RiskMetrics (1994/1996) 

introduced a simple but influential model that assumes asset returns are 

normally distributed, with volatility updated using an exponentially weighted 

moving average (EWMA). Under RiskMetrics, VaR is calculated as a multiple 

of the current volatility. The appeal of this method was its simplicity and ease 

of implementation across many assets. However, its drawbacks became quickly 

apparent. The normal distribution assumption severely underestimates tail risk, 

given that financial returns typically exhibit excess kurtosis (fat tails). In 

practice, far more extreme moves occur than the normal VaR would predict (a 

phenomenon sometimes dubbed “the failure of the normality assumption”). 

Moreover, the RiskMetrics volatility model (EWMA) captures volatility 
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clustering to some extent but cannot account for sudden jumps or leverage 

effects (the asymmetric response of volatility to negative returns). These 

limitations spurred the development of more flexible time-series models for 

volatility and distribution. (Abad, Benito, & López, 2014) 

Quantile regression is a well-known approach for estimating risk 

measuresEngle and Manganelli (2004) already demonstrated CAViaR’s 

efficacy on test datasets, and subsequent studies provided a deeper assessment. 

For example, Bao et al. (2006) compared various CAViaR specifications and 

traditional VaR models on out-of-sample forecasts; they found that CAViaR 

performed well in relatively stable periods but that its performance could 

deteriorate during highly volatile periods – presumably because the linear 

quantile specification may not fully capture sudden regime shifts or 

nonlinearities during crises. Polanski and Stoja (2009) also compared multiple 

CAViaR forms. They did not find a single CAViaR specification that 

universally dominated the others, highlighting that model risk (choice of 

specification) remains a concern. On the other hand, refinements of the 

CAViaR approach showed promise. Huang et al. (2009) applied CAViaR to oil 

markets. They stressed the importance of incorporating oil-specific dynamics, 

and Chen et al. (2011) compared the original Engle-Manganelli models with 

others, finding that a Threshold CAViaR (which introduces a structural break 

or threshold in the VaR updating equation) tended to perform best for extreme 

tails (e.g., for 1% VaR). These findings suggest that allowing nonlinearity or 

regime-switching in quantile models can improve forecasts during turbulent 

times. 

The Generalized Autoregressive Conditional Heteroskedasticity 

(GARCH) family of models (Engle, 1982; Bollerslev, 1986) provided a more 

rigorous framework for modeling time-varying volatility. In a typical 

GARCH(1,1) model, today's variance is a function of yesterday's variance and 

yesterday's squared return, allowing volatility to persist over time. By the late 

1990s, it had become common to use GARCH models to forecast VaR: one 

would forecast the next-day volatility using GARCH and then compute VaR by 

assuming a distribution for standardized returns. If one assumes normal 
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GARCH innovations, the VaR is like an updated RiskMetrics (with a more 

sophisticated volatility estimate); if one assumes Student-t innovations, heavier 

tails are captured. A vast literature examined GARCH-based VaR forecasting. 

For example, So and Philip (2006) and Hartz et al. (2006) showed that 

incorporating heavier-tailed distributions into GARCH (e.g., using a Student-t 

error term) improved VaR forecasts, capturing more extreme losses. 

Following the 2007–2008 financial crisis, Expected Shortfall (ES) has 

become increasingly prominent in the financial sector. A substantial body of 

research has focused on the simultaneous estimation of Value at Risk (VaR) 

and ES. For instance, Taylor (2008) introduced conditional autoregressive 

expectile (CARE) models to evaluate VaR and ES jointly. Nevertheless, Xu et 

al. (2016) point out that parametric CARE models face difficulties in 

determining a specific parametric structure. Using the asymmetric Laplace 

distribution, Taylor (2019) developed a semiparametric method with a novel 

scoring function to model risk measures jointly. Subsequently, Gerlach and 

Wang (2020) advanced the CAViaR frameworks by integrating a realized 

measure into the dynamic models. Despite these advancements, CAViaR 

models operate under the assumption that VaR and ES share identical 

dynamics. 

Taylor (2019) proposed a semiparametric joint VaR–ES model based on 

the Asymmetric Laplace (AL) distribution. This approach exploits the fact that 

an AL distribution can be used to generate quantile and expectile estimates by 

appropriate likelihood (or scoring) functions. Taylor (2019) also leveraged the 

Fissler-Ziegel (2016) scoring function, which provides a theoretically 

consistent way to jointly estimate VaR and ES by optimizing a single 

objective. While this semiparametric method showed strong performance in 

empirical tests, a potential inefficiency noted later was its assumption of an 

additive impact on ES. In reality, volatility changes might scale ES 

multiplicatively. To address this, Taylor (2022) proposed a framework 

featuring a dynamic multiplicative Omega ratio factor for the simultaneous 

prediction of VaR and ES. Additionally, Gerlach and Wang (2020) expanded 

upon CAViaR frameworks by embedding a realized measure into the dynamic 
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equations. Nevertheless, an inherent limitation of CAViaR models is their 

assumption of identical dynamics for both VaR and ES. 

Another influential contribution is by Patton, Ziegel, and Chen (2019), 

who proposed dynamic semiparametric models for joint VaR and ES within the 

framework of Generalized Autoregressive Score (GAS) models. GAS (Creal et 

al., 2013; Harvey, 2013) is a class of models that update parameters over time 

using the score of the predictive likelihood (or some scoring rule). Patton et al. 

adapted this idea to the VaR–ES context by using a joint scoring function for 

VaR and ES, enabling time-varying updates that respond to tail losses. Their 

models do not require specifying a full distribution of returns; instead, they 

specify how VaR and ES evolve in response to feedback from tail events. The 

authors found these models performed well in forecasting both VaR and ES 

across a range of assets. However, they also noted practical challenges: the 

estimation could be sensitive to starting values and the choice of optimization 

method, occasionally leading to convergence or robustness issues. This 

underscores that adding complexity (joint modeling, nonlinearity) can improve 

fit but at the cost of a more difficult estimation surface. 

Parameter estimation for these models often relies on specific loss 

functions. A well-known example is the quantile loss function introduced by 

Koenker and Bassett, Jr. (1978), which is commonly utilized for quantile 

regression and VaR estimation within the CAViaR framework. While the 

original CAViaR model focuses exclusively on VaR, Taylor (2008) developed 

the conditional autoregressive expectile (CARE) model. This approach 

employs asymmetric least squares (ALS) regression and the expectile loss 

function to produce joint forecasts for both VaR and ES. Building on the FZ 

loss function established by Fissler and Ziegel (2016), Taylor (2019) 

introduced the asymmetric Laplace (AL) log-score function to estimate both 

risk metrics simultaneously. 

In the last decade, there has been an explosion of interest in applying 

machine learning (ML) techniques to financial risk forecasting. Machine 

learning methods, encompassing a broad class of algorithms from support 

vector machines to neural networks and decision trees, offer two main potential 
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advantages: they can capture complex nonlinear relationships that traditional 

models might miss, and they often make fewer a priori assumptions about data 

distribution. As computing power and data availability have grown, ML 

approaches have become feasible for large-scale risk management applications. 

One driving factor is the lack of reliance on strict assumptions – unlike 

parametric models that assume (for example) a specific distribution or 

functional form, ML models can theoretically learn the patterns from data. 

Within the domain of time series prediction, machine learning models 

have demonstrated considerable efficacy. A substantial segment of the 

academic literature concentrates on deploying these techniques to forecast 

financial returns, consistently documenting measurable improvements in 

predictive accuracy. To illustrate, Patel et al. (2015) utilized machine learning 

frameworks to forecast the directional movements of stocks and stock index. In 

a related comparative study of linear and nonlinear models for forecasting asset 

returns, Gu et al. (2020) established that these methods enhance asset pricing 

performance. Their analysis determined that neural networks delivered the 

superior outcome among all evaluated methodologies. Taking a different 

approach, Saha et al. (2021) integrated event-specific features into deep neural 

networks to predict stock price movements. However, machine learning is 

actively applied in other complex domains, particularly derivatives pricing and 

volatility modeling (see Ye and Zhang, 2019; Zhang, 2020; Ivașcu, 2021; 

Vrontos et al., 2021; Lu et al., 2022). 

The forecasting of VaR and ES has increasingly incorporated machine 

learning techniques. To improve VaR prediction, Khan (2011) integrated the 

heterogeneous autoregressive model into a Support Vector Machine 

framework. Subsequently, Shim et al. (2012) introduced a semiparametric 

Support Vector Quantile regression approach for VaR estimation. In related 

developments, one-day ahead VaR estimates are constructed by coupling 

GARCH-type models with long short-term memory (LSTM) and bidirectional 

LSTM (BiLSTM) neural networks, utilizing the Parametric and Filtered 

Historical Simulation (FHS) method. Wu and Yan (2019) formulated a 

conditional quantile model that leverages LSTM neural networks for predicting 
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VaR.  

Kakade and colleagues (2022) introduce a novel hybrid framework that 

integrates LSTM and BiLSTM neural networks with GARCH-type model 

forecasts via an ensemble technique. This approach is designed to predict one-

day-ahead Value-at-Risk (VaR) estimates at 95% and 99% confidence levels, 

employing the Parametric (PAR) and Filtered Historical Simulation (FHS) 

methods. The predictive capabilities of conventional GARCH, exponential 

GARCH (eGARCH), and threshold GARCH (tGARCH) specifications are 

merged with LSTM networks to encapsulate diverse attributes of the latent 

volatility process. Their analysis reveals a marked enhancement in both the 

quality and precision of VaR forecasts generated by the hybrid models relative 

to all benchmark alternatives, as evaluated across a range of loss functions and 

coverage assessments. The proposed FHS-BiLSTM-HYBRID model—an 

FHS-based hybrid that fuses the BiLSTM network with three distinct GARCH-

type models—emerges as the top performer, registering the smallest values for 

each loss function considered. Conventional and GARCH-type models exhibit 

limitations in capturing volatility dynamics during crises, leading to suboptimal 

VaR predictions. In contrast, the FHS method consistently proves superior to 

all other methodologies examined for VaR estimation. 

Ormaniec et al. (2022) introduce a novel Value-at-Risk (VaR) estimator 

that uses an LSTM neural network, concluding that the proposed machine 

learning model outperforms GARCH models when applied to real market data. 

Cont et al. (2022) present a new data-driven methodology that employs a 

Generative Adversarial Network (GAN) architecture to estimate tail risk. 

Chronopoulos et al. (2023) apply a deep quantile estimator based on neural 

networks to forecast VaR. Nevertheless, a significant research gap persists in 

the joint forecasting of VaR and Expected Shortfall (ES) through neural 

network approaches. 

Research Methodology 

In the subsequent sections, we introduce two widely-used risk metrics: Value at 

Risk (VaR) and Expected Shortfall (ES). We also describe the FZ0 scoring 
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function and the architectures of Feedforward Neural Networks (FNNs) and 

Recurrent Neural Networks (RNNs). Additionally, this article proposes three 

novel implementations of stateful machine learning models for forecasting 

VaR and ES, and presents the benchmark models used for comparison. 

Risk measures 

VaR arguably is the most commonly applied risk measure within financial 

institutions. Take a portfolio composed of risky assets with a fixed holding 

horizon Δ𝑡, and denote by 𝐹𝐿(𝑙) = 𝑝(𝐿 ≤ 𝑙) the df of the corresponding loss 

distribution. The aim is to construct a statistic derived from 𝐹𝐿 that captures the 

riskiness of holding the portfolio over the interval Δ𝑡. The concept behind VaR 

is to swap the “maximum loss” for “the greatest loss that is not surpassed with 

a specified high probability.” For a chosen confidence level 𝛼 ∈ (0,1), the VaR 

of a portfolio with loss L at level α is defined as the smallest number l for 

which the probability that L exceeds l is no more than 1 − α. Formally, 

(1) 

𝑉𝑎𝑅𝛼 =  𝑉𝑎𝑅𝛼 (𝐿)

= inf{𝑙 𝜖 ℝ: 𝑝(𝐿 > 𝑙) ≤ 1 − 𝛼

= inf{𝑙 𝜖 ℝ: 𝐹𝐿(𝑙) ≥ 𝛼}} 

Because quantiles play a central role in risk management, we restate their 

precise definition. 

(i) For an increasing function T: ℝ → ℝ, the generalized inverse of T is 

defined by  

𝑇←(𝑦): = inf{𝑥 ∈ ℝ: 𝑇(𝑥) ≥ 𝑦}, where the infimum of the empty set is 

taken to be ∞. 

(ii) For a distribution function F, the generalized inverse 𝐹← is called the 

quantile function of F. For α ∈ (0, 1), the α-quantile of F is given by 

 

(3) 𝑞𝛼(𝐹) ∶=  𝐹←(𝛼) = inf{𝑥 ∈ ℝ: 𝐹(𝑥) ≥  𝛼} 

For a random variable X with distribution function F, the notation 
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𝑞𝛼(𝑋): =  𝑞𝛼(𝐹) is commonly used when F is continuous and strictly 

increasing; this simplifies to 𝑞𝛼(𝐹) = 𝐹−1(𝛼), where 𝐹−1 denotes the ordinary 

inverse of F. 

VaR for normal and t loss distributions 

Assume that the loss distribution 𝐹𝐿 follows a normal distribution with mean μ 

and variance 𝜎2. For a chosen confidence level α ∈ (0, 1). Then 

 

(3) 𝑉𝑎𝑅𝛼 =  𝜇 +  𝜎𝜙−1(𝛼) 

where ϕ represents the distribution function of the standard normal and 

ϕ−1(α) is the α-quantile of ϕ. Naturally, these findings can be extended to any 

location-scale family. The Student t loss distribution serves as another highly 

practical example of this. Assume a loss variable, 𝐿, where the standardized 

term (L − μ)/σ ollows a standard t distribution characterized by 𝜈 degrees of 

freedom. We can denote this specific distribution as L ∼ t (ν,μ, 𝜎2). It should 

be noted that for ν > 2, the moments are defined as E(L) = μ and var(L) = 

ν𝜎2/(ν−2). Consequently, σ does not act as the actual standard deviation for 

this distribution. From this, we obtain 

𝑉𝑎𝑅𝛼 =  𝜇 +  𝜎𝑡𝑣
−1(𝛼)                                                                                               (4) 

where TV denotes the df of a standard t distribution. 

Expected shortfall (Conditional Value at Risk) 

Although ES and VaR are intimately linked, the specific advantages and 

limitations of these two risk measures remain subjects of ongoing discussion 

within the risk-management community. For a loss L with 𝐸(|𝐿|) <  ∞ and df 

𝐹𝐿, the ES at confidence level α ∈ (0, 1) is defined as 

(5) 𝐸𝑆𝛼 =  
1

1 − 𝛼
∫ 𝑞𝑢(𝐹𝐿)𝑑𝑢,

1

𝛼

 

where 𝑞𝑢(𝐹𝐿) = 𝐹𝐿
⟵(𝑢)is the quantile function of 𝐹𝐿. The condition 

E(|L|) < ∞ ensures that the integral in (5) is well defined. By definition, ES is 
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related to VaR by 

(6) 𝐸𝑆𝛼 =  
1

1 − 𝛼
∫ 𝑉𝑎𝑅𝑢(𝐿)𝑑𝑢,

1

𝛼

 

Rather than anchoring to a specific confidence level α, this approach 

computes the mean VaR across all quantiles 𝑢 ≥  𝛼, thereby exploring further 

into the tail of the loss distribution. Naturally, ESα is entirely determined by the 

distribution of the loss variable L, maintaining the inherent condition that 

ESα  ≥  VaRα. 

Suppose that the loss distribution 𝐹𝐿 is normal with mean μ and variance 

𝜎2. Fix α ∈ (0, 1). Then 

(7) 𝐸𝑆𝛼 =  𝜇 +  𝜎
𝜙(𝜙−1(𝛼))

1 −  𝛼 
 

where φ is the density of the standard normal distribution. Assume the 

loss L is such that standardized variable 𝐿̃ = (L−μ)/σ follows a standard 𝑡 

distribution with ν degrees of freedom, with the condition that ν > 1. Applying 

the same logic as in the preceding example - which remains valid for any 

location-scale family - we obtain 𝐸𝑆𝛼 = μ+σ 𝐸𝑆𝛼( 𝐿̃). The Expected Shortfall 

for the standard 𝑡 distribution can be computed directly through integration, 

giving 

(8) 𝐸𝑆𝛼(𝐿̃) =  
𝑔𝑣(𝑡𝑣

−1(𝛼))

1 −  𝛼
(
𝑣 + (𝑡𝑣

−1(𝛼))2

𝑣 − 1
) 

Because ESα can be interpreted as the mean of all losses that meet or 

exceed VaRα, it is responsive to the magnitude of extreme losses beyond the 

VaR threshold. 

FZ0 loss score function 

In this section, we present the FZ0 loss function, a commonly used tool in the 

literature for model estimation. Fissler and Ziegel (2016) introduced a new loss 

function, termed FZ, designed for the simultaneous estimation of Value at Risk 

(VaR) and Expected Shortfall (ES), which is defined as follows: 
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(9) 

𝐿𝐹𝑍(𝑦, 𝑣, 𝑒; 𝛼, 𝐺1, 𝐺2)

= (1{𝑦 ≤ 𝑣} − 𝛼) (𝐺1(𝑣) − 𝐺1(𝑦) +
1

𝛼
𝐺2(𝑒)𝑣)

− 𝐺2(𝑒) (
1

𝛼
1{𝑦 ≤ 𝑣}𝑦 − 𝑒) 𝑔2(𝑒) 

Where 𝐺1 is a weakly increasing function, 𝐺2 is a strictly increasing and 

strictly positive function. The condition 𝑔2(𝑒) = 𝐺2  holds, the variable e 

denotes the Expected Shortfall (ES), and v represents the Value at Risk (VaR). 

Estimation of VaR and ES Using the FZ Loss Function 

The Value at Risk (VaR) and Expected Shortfall (ES) estimates are derived by 

minimizing the FZ loss function, as shown below: 

(10) (𝑉𝑎𝑅𝑡
𝛼 , 𝐸𝑆𝑡

𝛼) = arg min 𝐸𝑡−1[𝐿𝐹𝑍(𝑦𝑡 , 𝑣, 𝑒; 𝛼, 𝐺1, 𝐺2)] 

Patton et al. (2019) examined a particular version of this loss function, 

known as the FZ0 loss function. This version is obtained by applying the 

following constraints on 𝐺1 and 𝐺2: 

𝐺1(𝑥) = 0 

𝐺2(𝑥) = −
1

𝑥
 

As a result, the FZ0 loss function is defined as follows: 

(11) 𝐿𝐹𝑍0(𝑦, 𝑣, 𝑒; 𝛼) = −
1

𝛼𝑒
1{𝑦 ≤ 𝑣}(𝑣 − 𝑦) +

𝑣

𝑒
+ log(−𝑒) − 1 

In this study, the FZ0 loss function is employed in the following two 

stages: 

Training phase: Neural network models are trained with this loss function 

to jointly predict Value-at-Risk (VaR) and Expected Shortfall (ES) values. 

Performance evaluation phase: The same loss function is used to evaluate 

the out-of-sample performance of the neural network models. 

 



100 

  

Iranian Journal of Finance, 2026, Vol. 10, No. 2 (Namaki, A.) 

Feedforward Neural Network (FNN) and Recurrent Neural Network 

(RNN) Frameworks 

Artificial Neural Networks (ANNs)—commonly referred to simply as neural 

networks—are computational frameworks designed to identify significant 

patterns within data by processing information in high-dimensional spaces. 

These models employ techniques such as dropout layers and regularization 

methods to address the issue of overfitting. 

In this section, two widely used neural network architectures are discussed: 

 Feedforward Neural Network (FNN) 

 Recurrent Neural Network (RNN) 

Both of these models serve as foundational architectures for the models 

proposed in this thesis. Artificial neural networks represent a nonlinear 

modeling approach and are theoretically recognized as universal approximators 

for smooth prediction functions (Hornik et al., 1989). 

Structure of Feedforward Neural Networks (FNN) 

Among various types of neural networks, Feedforward Neural Networks 

(FNNs) are composed of three main components: 

Input Layer: This layer consists of the initial variables (predictors) that 

serve as inputs to the network. 

Hidden Layers: These intermediate layers process and transform the input 

variables. Each hidden layer comprises a set of nodes (neurons) that receive 

information from the previous layer, apply an activation function, and then 

transmit the processed signals to the subsequent layer. 

Output Layer: The function of this layer is to aggregate the information 

processed through the hidden layers and produce the final prediction. 
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Figure 1. The structure of the FNN model 

The hidden layers play a crucial role in learning complex patterns. They 

contain neurons that interconnect various layers, enabling the flow and 

transformation of information across multiple stages of the network. Figure 1 

illustrates the structure of the FNN model employed in this study: 

As illustrated in Figure 2, this network consists of a single hidden layer 

with three neurons (nodes). Each neuron receives information linearly from all 

the inputs in the input layer. Then, each neuron applies an activation function 

𝑓(.) to the weighted sum of the input signals. The output of neuron 𝑖 in the 

hidden layer is expressed as follows: 

(12) 𝑥𝑖
(1)

= 𝑓 (𝜃𝑖,0
(0)

+ ∑ 𝑧𝑗

1

𝑗=1

𝜃𝑖,𝑗
(0)

 ) 

Where, 𝑧𝑗 denotes the raw inputs to the network, 𝜃𝑖,𝑗
(0)

are the weight 

parameters between the inputs and neuron ii in the hidden layer, 𝑓(.)  is an 

activation function used to model complex relationships in the data. Finally, 

the outputs of the neurons in the hidden layer are linearly aggregated and 

passed to the output layer to produce the final prediction: 
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(13) 𝜃0
(1)

+ ∑ 𝑥𝑗
(1)

3

𝑗=1

𝜃𝑗
(1) 

This structure enables the neural network to model complex relationships 

between input and output variables. (Qiu, Lazar, & Nakata, 2024) 

Structure of Recurrent Neural Networks (RNNs) 

Linear regression-based methods, including traditional models such as 

Autoregressive (AR), Moving Average (MA), and the combined 

Autoregressive Moving Average (ARMA), have been widely employed in the 

statistical modeling of time series for forecasting target variables. However, in 

comparison to these traditional linear models, Recurrent Neural Networks 

(RNNs)-first introduced by Elman (1990)- demonstrate superior performance 

in capturing complex nonlinear dynamics and long-term serial dependencies in 

time series data. The general structure of a Recurrent Neural Network (RNN) is 

defined as follows: 

 

(14) 

ℎ𝑡 =  ∆(𝜇𝑥𝑡 + 𝑤ℎ𝑡−1+𝑏),  ℎ0 = 0 

𝑦𝑡|ℎ𝑡 ~ 𝑝(𝑦𝑡|ℎ𝑡), 𝑡 = 1,2, …. 

Where, ℎ𝑡 represents the hidden state at time t, which retains information 

from past inputs. 𝑥𝑡 denotes the input at time t. μ and w are weight coefficients 

that determine the influence of the current input and the previous hidden state, 

respectively. b is the bias term. Δ is an activation function, typically defined as 

a linear function. 𝑦𝑡 is the model output at time t, predicted based on the 

conditional probability distribution 𝑝(𝑦𝑡|ℎ𝑡). This recursive structure enables 

the model to capture and analyze sequential dependencies in time series data. 

The objective of learning in this model is to estimate the optimal conditional 

distribution 𝑝(𝑦𝑡|ℎ𝑡). Furthermore, if the activation function Δ in the above 

equation is assumed to be linear and the input 𝑥𝑡 is taken as the squared 

returns, the RNN process follows a form analogous to a conditional volatility 
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process. Compared to Feed-Forward Neural Networks (FNNs), Recurrent 

Neural Networks (RNNs) possess the capability to utilize their internal state (or 

memory) to process sequences of inputs. As a result, RNNs can more 

effectively retain and incorporate crucial past information into their decision-

making, thereby enhancing predictive performance. (Qiu, Lazar, & Nakata, 

2024) 

RNN-Based Models 

In this section, we introduce three innovative implementations of both stateful 

and stateless RNN-based architectures tailored specifically for predicting 

Value-at-Risk (VaR) and Expected Shortfall (ES). During the training phase, 

these models are configured with stateful=1 to preserve memory and hidden 

states across consecutive batches of input data. By carrying this information 

forward from prior batches, the network becomes highly adept at capturing 

extended long-term dependencies. Furthermore, in contrast to traditional 

GARCH-type frameworks, this technique does not require strict assumptions 

about the probability density function of the underlying distribution 

𝐹( 𝑟𝑡 ∣∣ 𝐼𝑡−1 ). (Qiu, Lazar, & Nakata, 2024) 

STRNN-I Model 

To estimate the relationship between the target variables and the auxiliary 

variable, the STRNN-I model is defined as follows: 

(15) 
[𝑣𝑡, 𝑒𝑡] = 𝐹𝑁𝑁(ℎ𝑡) 

ℎ𝑡 = 𝑅𝑁𝑁(ℎ𝑡−1, 𝑌𝑡−1
2 , 𝑠𝑡𝑎𝑡𝑒𝑓𝑢𝑙) 

Where, 𝑌𝑡−1
2  represents the squared return at time 𝑡 − 1, ℎ𝑡 is the hidden 

state within the RNN architecture. stateful is a binary variable that takes the 

value 1 if the model is stateful and 0 otherwise. The RNN layer is configured in 

a stateful manner to prevent the hidden state from being reset after processing 

each batch of data. This allows the model to maintain and transfer information 

across batches, enhancing its ability to capture long-term dependencies in the 

data. 
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STRNN-II Model 

To improve the model’s ability to capture nonlinear dependencies, an 

additional layer - specified by the following equation - is integrated between 

the FNN and the RNN. The STRNN-II model is formulated as: 

(16) 

[𝑣𝑡, 𝑒𝑡] = 𝐹𝑁𝑁(ℎ𝑡) 

𝑘𝑡 = √(𝑎𝑏𝑠(ℎ𝑡)) 

ℎ𝑡 = 𝑅𝑁𝑁(ℎ𝑡−1, 𝑌𝑡−1
2 , 𝑠𝑡𝑎𝑡𝑒𝑓𝑢𝑙) 

Where, abs(.) denotes the absolute value of the expression inside the 

parentheses. 

When a linear activation function Δ\DeltaΔ is employed within the RNN 

equation, the structure of the RNN exhibits characteristics similar to those of a 

GARCH(1,1) model, particularly when the input variable consists of squared 

returns. Furthermore, this equation brings the STRNN-II model closer in 

structure to the GARCH-FZ models. This enhanced resemblance makes it 

significantly easier to interpret how these stateful models successfully capture 

and predict both Value-at-Risk (VaR) and Expected Shortfall (ES) (Qiu, Lazar, 

& Nakata, 2024). 

STRNN-III Model 

Finally, we consider a hybrid model that integrates both STRNN-I and 

STRNN-II, thereby leveraging both approaches to estimate Value-at-Risk 

(VaR) and Expected Shortfall (ES). 

This model is defined as follows: 

(17) 

[𝑣𝑡, 𝑒𝑡] = −𝑎𝑏𝑠([𝑣𝑡
1, 𝑒𝑡

1] ⊕ [𝑣𝑡
2 , 𝑒𝑡

2]) 

[𝑣𝑡
2, 𝑒𝑡

2] = 𝐹𝑁𝑁(𝑘𝑡) 

[𝑣𝑡
1, 𝑒𝑡

1] = 𝐹𝑁𝑁(ℎ𝑡) 
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𝑘𝑡 = √(𝑎𝑏𝑠(ℎ𝑡)) 

ℎ𝑡 = 𝑅𝑁𝑁(ℎ𝑡−1, 𝑌𝑡−1
2 , 𝑠𝑡𝑎𝑡𝑒𝑓𝑢𝑙) 

Where the operation ⊕ denotes element-wise addition, abs(.) refers to the 

absolute value of the expression within the parentheses. This model combines 

the characteristics of STRNN-I and STRNN-II and leverages integrated 

information from both models to enhance the prediction accuracy of Value-at-

Risk (VaR) and Expected Shortfall (ES). 

We adopt the notation SRNN-VE to denote these stateful RNN-based 

models used for measuring VaR and ES. These models also incorporate a 

Feedforward Neural Network (FNN) structure. The notations FNN() and 

RNN() represent the FNN and RNN components, respectively, within these 

models. In all three stateful RNN-based models introduced above, the number 

of nodes is set to 1, and the activation function in both the FNN and RNN 

layers is set to linear. To mitigate overfitting, we apply early stopping and 

dropout. To enable a more comprehensive comparison between stateful and 

stateless models, we implemented three stateless models in addition to the three 

stateful models presented above. These models are denoted as RNN-I, RNN-II, 

and RNN-III. The formulations of these models are analogous to the equations 

defined above, except that the stateful parameter is set to 0 in the equations for 

these three models. We utilize the TensorFlow API for implementing the 

Dense layer in the FNN structure: 

(tensorflow.keras.layers.Dense). We also use the TensorFlow API to 

implement the SimpleRNN layer in the RNN structure 

(tensorflow.keras.layers.SimpleRNN). We monitor validation error throughout 

training via TensorFlow’s EarlyStopping callback: 

(tensorflow.keras.callbacks.EarlyStopping.). The Dropout technique is applied 

by specifying a dropout rate directly within TensorFlow’s RNN layer: 

(tensorflow.keras.layers.SimpleRNN (dropout=0.2)). 
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GARCH Models 

GARCH models, initially proposed by Engle (1982) and subsequently 

extended by Bollerslev (1986), are widely used in financial applications and 

have gained considerable prominence. Within the family of GARCH-type 

models, the standard GARCH(1,1) specification represents the most 

elementary and frequently adopted formulation, which is expressed as follows: 

(18) 

𝑟𝑡 = 𝜇 + 𝑢𝑡 

𝑢𝑡 = 𝜎𝑡𝜖𝑡 

𝜎𝑡
2 = 𝛽0 + 𝛽1𝑢𝑡−1

2 + 𝛽2𝜎𝑡−1
2  

Where, 𝜎𝑡
2 denotes the daily variance of returns rtr_trt, μ represents the 

mean return, 𝑢𝑡 captures the shock or innovation component of the model, 𝜎𝑡 

sigma_tσt is the conditional standard deviation, 𝜖𝑡 is an independent random 

variable following a standard normal distribution. The parameters 𝛽0, 𝛽1, and 

𝛽2 determine the dynamics of conditional variance in the model. This model 

captures the serial dependence in the volatility of financial returns and is 

extensively used for modeling and forecasting financial market volatility. In 

parametric GARCH frameworks, the distribution of 𝜖𝑡 is specified as a model 

input and used to estimate parameters via the likelihood function. Two 

frequently adopted distributions for 𝜖𝑡 are the standard normal distribution and 

the Student’s t-distribution. Empirical analyses of financial return series 

indicate that the Student’s t-distribution frequently outperforms the normal 

distribution, owing to its enhanced ability to capture heavy-tailed returns 

(Billio & Pelizzon, 2000). Building on the GARCH models described, daily 

Value-at-Risk (VaR) and Expected Shortfall (ES) are derived using the 

following equations: 

(19) 𝑉𝑎𝑅𝑡+1
𝛼 = 𝜇̂𝑡+1 + 𝜎̂𝑡+1𝑞̂𝑡+1(𝛼) 
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(20) 𝐸𝑆𝑡+1
𝛼 = 𝜇̂𝑡+1 + 𝜎̂𝑡+1𝑠̂(𝛼) 

Where,  𝜇̂𝑡+1 and 𝜎̂𝑡+1 represent the conditional mean and conditional 

standard deviation forecasts of 𝑟𝑡+۱, respectively, based on information 

available up to time t. 𝑠̂(𝛼) is defined as 𝔼[𝜖𝑡+1|𝜖𝑡+1 < 𝑞̂𝑡+1(𝛼)] The quantile 

𝑞̂𝑡+1(𝛼) is defined as: 

(21) 
𝑞̂𝑡+1(𝛼) = inf{𝜖𝑡+1: 𝛼 ≤ 𝐹(𝜖𝑡+1)} 

where 𝐹 represents the cumulative distribution function (CDF) of the 

standardized residuals 𝜖. The GARCH model provides the conditional 

volatility forecast 𝜎̂𝑡+1, which is derived from historical returns. To estimate 

Value at Risk (VaR) at confidence level α, one computes a linear function of 

the forecasted α-quantile of the standardized residuals, 𝑞̂𝑡+1(𝛼). Clearly, both 

VaR and Expected Shortfall (ES) estimators depend on the assumed 

distribution of the standardized residuals. GARCH-type models are parametric 

in nature and typically impose a specific distribution on the error term—most 

commonly the standard normal distribution. However, such rigid assumptions 

often make it difficult to capture the distinctive statistical properties of 

financial returns accurately. In this study, three GARCH-type models serve as 

benchmarks: (1) a GARCH model with standard normally distributed residuals 

(GCH-N), (2) a GARCH model with Hansen's (1994) skewed 𝑡-distribution 

(GCH-Skt), and (3) a GARCH model in which the distribution is estimated via 

the empirical distribution function (EDF), offering a nonparametric alternative 

(GCH-EDF). 

Dynamic Quantile (DQ) Test 

The Dynamic Quantile (DQ) test is a statistical test used to evaluate the 

adequacy of quantile forecasts. This test was introduced by Engle and 

Manganelli (2004) within the framework of the Conditional Autoregressive 

Value-at-Risk (CAViaR) model. The main objective of the DQ test is to assess 

whether the quantile forecasts of a time series model accurately represent the 

conditional distribution of the data. This test is particularly important in risk 
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management and financial econometrics, where quantile forecasts are widely 

used in models such as Value-at-Risk (VaR). The DQ test helps determine 

whether the predicted quantile levels are statistically valid in terms of their 

dynamic properties—that is, whether the actual exceedance rate over time 

aligns with the expected rate, and whether any systematic deviations are 

present. (Patton, Ziegel, & Chen, 2019). Financial institutions rely on quantile-

based measures (e.g., VaR) to estimate potential losses. The DQ test ensures 

that these estimates are statistically reliable. Many financial models generate 

quantile forecasts for risk assessment. The DQ test helps validate these 

forecasts and ensures their accuracy. Traditional backtesting methods, such as 

the Kupiec (1995) proportion-of-failures test and the Christoffersen (1998) 

independence test, evaluate only the unconditional coverage of quantile 

forecasts. The DQ test, in contrast, evaluates conditional coverage by checking 

for dynamic misspecification. The DQ test examines whether the realized 

values of a time series fall within the estimated quantile forecast range at the 

expected frequency. The hypotheses are defined as follows: 

 Null Hypothesis (𝐻0): The quantile forecasts are conditionally correct, 

meaning that the realized values fall within the quantile range at the 

expected rate without systematic deviations. 

 Alternative Hypothesis (𝐻1): The quantile forecasts are misspecified, 

meaning that the probability of exceedance deviates from the expected 

level systematically. 

If 𝐻0 is rejected, it suggests that the quantile model does not adequately 

capture the conditional distribution of the data. The DQ regression test with 

one lag is defined by equation 22. This test provides valuable insights into the 

reliability of the models under analysis for risk estimation. (Patton, Ziegel, & 

Chen, 2019) 

(22) 𝐻 𝑖𝑡𝛼,𝑡 = 𝑤0 + 𝑤1𝐻 𝑖𝑡𝛼,𝑡−1 +  𝑤2𝑣𝑡−1 + 𝑢𝑡 

where 𝐻 𝑖𝑡𝛼,𝑡 is defined as: 



109 

 

Forecasting Value at Risk (VaR)... 

(23) 
𝐻 𝑖𝑡𝛼,𝑡 =  𝕝{𝑌𝑡 ≤ 𝑣𝑡} −  𝛼 

and 𝑢𝑡 denotes the regression residual. 

Dynamic Expected Shortfall (DES) Regression Test 

The Dynamic Expected Shortfall (DES) regression test is a statistical method 

used to assess the accuracy of Expected Shortfall (ES) forecasts in risk 

management. Expected Shortfall (ES)—also known as Conditional Value at 

Risk (CVaR)—is one of the most widely used risk measures, estimating the 

average expected loss in the worst-case scenarios beyond a specified quantile 

(i.e., the VaR level). The DES regression test examines whether ES forecasts 

accurately reflect the dynamics of tail risk or exhibit systematic deviations over 

time. This test has been introduced as part of broader financial risk evaluation 

frameworks. It is particularly important under the Basel III regulations, which 

mandate the use of Expected Shortfall (ES) in place of Value at Risk (VaR) for 

determining market risk capital requirements. (Patton, Ziegel, & Chen, 2019) 

The DES test evaluates whether Expected Shortfall (ES) forecasts 

appropriately reflect the conditional expected losses beyond the Value-at-Risk 

(VaR) threshold. The hypotheses of the test are defined as follows: 

 Null Hypothesis (𝐻0): The ES model is correctly specified, meaning that the 

ES forecasts accurately account for tail risk in the distribution. 

 Alternative Hypothesis (𝐻1): The ES model is misspecified; that is, the ES 

estimates fail to adjust to past exceedances and exhibit systematic bias 

appropriately. 

If the null hypothesis 𝐻0 is rejected, it indicates that the ES model cannot 

adequately capture extreme losses. The DES test operates within a conditional 

regression framework, examining whether past exceedances and other risk 

factors systematically influence the ES forecasts. (Patton, Ziegel, & Chen, 

2019). 
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The following equation defines the DES regression test: 

(24) 
𝜆𝑒,𝑡

𝑆 = 𝑏0 + 𝑏1𝜆𝑒,𝑡−1
𝑆 + 𝑏2𝑒𝑡−1 + 𝑢𝑒,𝑡 

where 𝜆𝑒,𝑡
𝑆  is defined as: 

(25) 
𝜆𝑒,𝑡

𝑆 =  𝕝{𝑌𝑡 ≤ 𝑣𝑡}
𝑌𝑡

𝑒𝑡
− 1 

and 𝑢𝑡 denotes the regression residual. 

Data description 

The dataset used in this study consists of the daily closing prices of Tehran 

Exchange Divedend and Price Index (TEDPIX). The time series spans from 

June 29, 1992 (8 Tir 1371) to February 9, 2025 (21 Bahman 1403). 

This time series is divided into two segments: 

 The first 80% of the data is used for model parameter estimation, 

 The remaining 20% is used to evaluate and compare model 

performance. 

In this study, we use the squared daily log-returns of the Tehran Exchange 

Divedend and Price Index as the input data for the RNN-based models. The 

daily log-returns are computed using the following formula: 

(26) 𝑟𝑡 = log(𝑃𝑡) − log(𝑃𝑡−1) 

Results  

In this section, the performance of the SRNN models will be compared with 

that of the GARCH models. First, the descriptive statistics of the data will be 

presented and analyzed. Subsequently, the results obtained from forecasting the 

two variables, namely Value-at-Risk (VaR) and Expected Shortfall (ES), will 

be presented. Finally, the performance of the models will be assessed using the 
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DQ (Dynamic Quantile) and DES (Dynamic Expected Shortfall) tests. 

Additionally, the performance of the machine learning-based models will be 

compared with each other using the FZ0 loss function. 

Description of Research Samples 

The table below presents the descriptive statistics for the time series of daily 

returns of the Tehran Exchange Divedend and Price Index (TEDPIX) for the 

entire sample period.  

Table 1. Descriptive Statistics 

The mean of the daily returns is positive, indicating a slight upward trend 

in the asset price. The standard deviation of the index reflects the degree of 

return volatility. The relatively low standard deviation indicates moderate 

fluctuations across different days. The positive skewness suggests that extreme 

positive returns have occurred more frequently than extreme negative returns, 

implying a long right tail in the distribution. The high kurtosis (greater than 3) 

indicates the presence of fat tails, meaning that the probability of observing 

extremely large returns (both positive and negative) is higher than that of a 

standard normal distribution. The volatility of the Tehran Exchange Divedend 

and Price Index returns is relatively moderate, indicating a reasonable level of 

risk for this asset. The positive skewness implies that strong upward 

Statistic Value 

Total count 7878 

In-sample 6302 

Out-of-sample 1576 

Mean 0.110039 

StdDev 0.816052 

Skew 0.351634 

Kurt 7.216230 

VaR (0.01) -2.503297 

ES (0.01) -3.204795 

VaR (0.025) -1.556199 

ES (0.025) -2.443378 

VaR (0.05) -0.985285 

ES(0.05) -1.831971 

VaR (0.1) -0.590678 

ES (0.1) -1.296669 
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movements are more common and dominant than severe downward 

movements. The high kurtosis indicates the presence of extreme events and 

abnormal fluctuations, underscoring the need for effective risk management 

strategies. The chart of the logarithmic returns for the entire time series is 

presented as follows: 

 

The chart of the Tehran Exchange Divedend and Price Index (TEDPIX) 

returns, after splitting the data into in-sample and out-of-sample sets and after 

applying the Min-Max scaling normalization method, is presented in Figures 3 

and 4: 

 

 

 

 

 

 

 

 

Figure 2. Scaled Returns of the Tehran Exchange Divedend and Price Index (Out-of-

Sample Data) 
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Figure 3. Scaled Returns of the Tehran Exchange Divedend and Price Index (In-

Sample Data) 

Forecasting Using RNN Models 

The training time for each of the machine learning models is presented in the 

table below: 

Table 5. Time cost of training 

Time cost Model name 
2 min RNN-I 

3 min RNN-II 

2 min RNN-III 

5 min STRNN-I 

4 min STRNN-II 

5 min STRNN-III 

This table presents the training times required for the stateful and non-

stateful RNN models applied to the Tehran Exchange Divedend and Price 

Index (TEDPIX). The training process was conducted to estimate Value-at-

Risk (VaR) and Expected Shortfall (ES) at the 1% confidence level. The 

training process was executed on a laptop equipped with a 14-core processor 

running at 2.30 GHz (specifically, an Intel Core i7-12700H). 
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In the following section, the performance of the three stateful RNN models 

and the three non-stateful RNN models is evaluated based on the daily returns 

of the Tehran Exchange Divedend and Price Index (TEDPIX). 

STRNN-I Model 

he chart illustrating the estimation of Value-at-Risk (VaR) and Expected 

Shortfall (ES) using the STRNN-I model is presented as follows: 

Figure 4. Forecasting Value-at-Risk (VaR) and Expected Shortfall (ES) of the 

Tehran Exchange Divedend and Price Index Using the SRNN-VE-1 Model 
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STRNN-II Model 

The chart illustrating the estimation of Value-at-Risk (VaR) and Expected 

Shortfall (ES) using the STRNN-II model is presented as follows: 

Figure 5. Forecasting Value-at-Risk (VaR) and Expected Shortfall (ES) of the 

Tehran Exchange Divedend and Price Index Using the SRNN-VE-2 Model 
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STRNN-III Model 

The chart illustrating the estimation of Value-at-Risk (VaR) and Expected 

Shortfall (ES) using the STRNN-III model is presented as follows: 

Figure 6. Forecasting Value-at-Risk (VaR) and Expected Shortfall (ES) of the 

Tehran Exchange Divedend and Price Index Using the SRNN-VE-3 Model 
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Research Questions 

In this section, we address the research questions using the results obtained 

from the machine learning models and the classical econometric GARCH 

model. (1) Do stateful Recurrent Neural Network (Stateful-RNN) models 

perform better than the traditional econometric GARCH model in forecasting 

the Value-at-Risk (VaR) and Expected Shortfall (ES) of the Tehran Stock 

Exchange indices? (2) Do stateful Recurrent Neural Network (Stateful-RNN) 

models outperform non-stateful RNN models in forecasting the Value-at-Risk 

(VaR) and Expected Shortfall (ES) of the Tehran Stock Exchange indices? 

To answer these questions, we use two evaluation methods: the Dynamic 

Quantile (DQ) test and the Dynamic Expected Shortfall (DES) regression test 

for assessing model performance. 

The evaluation results at the 1% significance level are presented in the 

following table. 

Table 6. Dynamic Quantile (DQ) Test over the out-of-sample period 

Dynamic Quantile (DQ) Test 

P-Value Models 
0.0000 
0.0023 
0.0000 
0.0000 
0.0000 
0.0000 
0.0625 
0.0999 
0.0390 

GCH-N 
GCH-Skt 

GCH-EDF 
RNN-I 
RNN-II 
RNN-III 

STRNN-I 
STRNN-II 
STRNN-III 

Table 7. FZ0 loss score function over the out-of-sample period 

FZ0 loss score function 

Ranking 

6 

4 

5 

3 

2 

1 

FZ0  score 
7.1079 
5.4453 
6.0592 
4.2673 
3.5621 
3.0492 

Models 
RNN-I 
RNN-II 
RNN-III 

STRNN-I 
STRNN-II 
STRNN-III 
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Table 8. Dynamic Expected Shortfall (DES) Regression Test over the out-of-

sample period 

Dynamic Expected Shortfall (DES) Regression Test 

P-Value Models 
0.0033 
0.0334 
0.0035 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0387 

GCH-N 
GCH-Skt 

GCH-EDF 
RNN-I 
RNN-II 
RNN-III 

STRNN-I 
STRNN-II 
STRNN-III 

To answer questions (1) and (2), we employ two evaluation tests: the 

Dynamic Quantile (DQ) test and the Dynamic Expected Shortfall (DES) test to 

assess model performance. As shown in the table (6), in the DQ test, all three 

models — STRNN-I, STRNN-II, and STRNN-III — demonstrate acceptable 

performance in forecasting VaR, since their p-values exceed the 1% 

significance level. In contrast, the traditional GARCH models and the non-

stateful RNN models, with p-values below the 1% significance level, reject the 

null hypothesis of the DQ test, indicating that their performance on the DQ test 

is unsatisfactory. 

Moreover, as can be seen from the table (8), in the DES test, two models - 

GCH-Skt and STRNN-III - exhibit acceptable performance in forecasting ES, 

as their p-values exceed the 1% significance level. On the other hand, the 

remaining traditional GARCH models and non-stateful RNN models, with p-

values below the 1% significance level, reject the null hypothesis of the DES 

test, indicating that their performance on the DES test is unsatisfactory. 

As shown in the table (7), between the SRNN and RNN models, the SRNN 

models exhibit better performance in comparison to the RNN models, as 

indicated by their lower FZ0 loss function values. Furthermore, among the 

SRNN models, the STRNN-III model demonstrates the best performance on 

the FZ0 loss function test, with the STRNN-II model ranking second, only 

slightly behind. Considering the greater complexity of the STRNN-III model 
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and its lower loss function value, it can be concluded that the STRNN-III 

model provides the best performance in forecasting both the Value-at-Risk 

(VaR) and Expected Shortfall (ES) of the Tehran Stock Exchange indices. 

Conclusion 

In this study, the efficiency of stateful Recurrent Neural Networks (Stateful-

RNN) in the joint estimation of Value-at-Risk (VaR) and Expected Shortfall 

(ES) has been examined, and by identifying the weaknesses of traditional 

econometric models, new approaches have been proposed. The key findings, 

practical implications, and future research directions are summarized below. In 

this research, three novel models based on Stateful-RNN — namely, STRNN-I, 

STRNN-II, and STRNN-III — have been introduced, and their performance 

has been compared with traditional econometric models such as GARCH. The 

results indicate that the proposed models exhibit superior performance in risk 

forecasting. 

The distinctive features of stateful RNN models are as follows: 

1. The ability to learn long-term dependencies and retain information from the 

past, which non-stateful models lack. 

2. The absence of a need for strict distributional assumptions, which are 

required in GARCH models, provides greater flexibility for modeling. 

3. Improved forecasting accuracy through reducing prediction errors and 

achieving a stronger correlation with the actual risk values. 

As demonstrated in the previous section, the results of the empirical 

evaluation of machine learning models on the returns of the Tehran Stock 

Exchange All-Share Index indicate that the SRNN models outperform both the 

traditional econometric GARCH models and the non-stateful RNN models in 

forecasting Value-at-Risk (VaR) and Expected Shortfall (ES). One of the most 

important reasons for the superior performance of machine learning models is 

that, unlike the GARCH model, these models are not dependent on restrictive 

distributional assumptions. This study has successfully applied machine 

learning to financial risk management by introducing stateful Recurrent Neural 
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Network (RNN) models for joint forecasting of Value-at-Risk (VaR) and 

Expected Shortfall (ES). Compared to traditional methods, these models 

demonstrate higher accuracy, greater flexibility, and enhanced capability in 

learning the complex patterns of financial markets. 

The advantages of using machine learning methods can be summarized as 

follows: 

 More accurate forecasts compared to traditional econometric models, 

such as GARCH 

 Elimination of the need for strict assumptions regarding the distribution 

of financial returns, unlike parametric models 

 Faster adaptability to market changes and nonlinear financial behaviors 

due to the memory structure of stateful RNN models 

Given the increasing complexity of financial markets, advanced machine 

learning-based models, such as stateful RNNs, are expected to play a key role 

in financial risk management and in providing more accurate forecasts of 

financial market volatility. This study paves the way for future research in 

artificial intelligence and financial risk management and can serve as a 

foundation for developing more innovative models in this domain. 

Research Limitations 

1. Lack of Using Multivariate Models 

In this study, risk forecasting has been conducted in a univariate manner, 

meaning that each asset has been analyzed independently. However, financial 

markets typically exhibit strong correlations among assets, and risk 

management is often performed at the portfolio level rather than solely for a 

specific asset. 

2. Dependence on Optimal Parameter Selection 

The performance of machine learning models, including RNN, is highly 
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dependent on the optimal tuning of hyperparameters, such as the number of 

hidden nodes, the learning rate, and the dropout rate. In this study, standard 

optimization techniques have been applied. However, future research could 

benefit from the use of more advanced methods such as Bayesian Optimization 

or Reinforcement Learning for optimal parameter tuning. 

3. Lack of Examination of Crisis Market Conditions 

While this study has analyzed data over a long-term period (30 years), certain 

crises (such as the COVID-19 pandemic) have created unique risk patterns. 

These conditions were not separately examined in this research. 

4. Execution of Machine Learning Models on CPU Instead of GPU 

In this study, machine learning models have been executed on a Central 

Processing Unit (CPU) rather than a Graphics Processing Unit (GPU). GPUs, 

due to their parallel processing capabilities, can significantly accelerate deep 

learning model execution, especially when training neural networks on large 

datasets. Using a CPU has increased model training and processing times and 

limited the ability to explore more complex architectures and higher-frequency 

data. 
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